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Introduction 

The fficasurenieTit of acoustic impedance of different sound absorbing materials 
is of fundamental importance in the design of studios for sound reproduc- 
tion and recording, architectural acoustics and in various diverse fields 
concerning sound insulation and absorption. In this laboratory Prof. Ghosh 
started the study of acoustic impedance of various materials having a large 
porosity. Upon his initiation Chandra Kanta,® Srivastava® and in recent 
years Chatterji* developed different techniques to study acoustic impedance 
of usual absorbers like cellotex, felt, cork padding and other Indian woollen 
pads (NSmda). ITie method of Chandra Kanta dependjs upon the deter- 
mination of air load on the electrical impedance of sound soiu'ce. To 
counteract the lack of high precision in her measurements a modified apparatus 
on the lines of that devised by Beranek® was used by Chatterji. 

The present investigation is a theoretical attempt to obtain an expres- 
sion for acoustic impedance which can be of assistance to the experimental 
experts. The theory can be applied to such porous substances as cotton- 
wool, felt, celotex, etc., which have large voids as shown by Table I taken 
from Chatteiji.* 
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Table I 


Percentage 


Sample 

Voinnie V| 

. Solid V olumc V , 

AirVolumcVj 

Porosity 

Ceiotex i 

. 51-5 

71-3 

6-7 

87 

Felt . . 

. 26-3 

74-6 

3-4 

87 

Ceiotex 2 

. 45-0 

71 -3 

6-7 

85 


Introductory Theory 


The problem is related to finding the impedance of a gelatinous sub- 
stance in which the preponderance of a liquid phase over the spherical solids 
is quite well known. It was in such a search that this paper was undertaken 
and can be applied to other porous materials equally well. 

Let us consider a rectangular chamber of dimension 2/>xmx« along the 
axes of X, j, r respectively. Let us imagine a wall drawn of the thin porous 
slab at / and the volume of chamber is reduced to Imn, i.e., half that of 
the whole chamber. In accordance with the usual procedure impedance 
at the sample partition can be obtained by looking into the tube of length 
/ and cross-section mn terminated by an impedance of the x-wall at ^■ = 0. 
In the presence of the sample let this imi^dance be modifial from to Z* 
and it is assumed that the presence of screen does not disturb the particle 
velocity or pressure distributions. Taking the impedance of screen to be 
Zi we get, 

Z,= Zj-fZi (I) 

The usual equation of motion for the propagation of sound waves of 
vclexity c, cxtxss pressure p and in air of density p is 




( 2 ) 


according to Morse^ the pressure distribution in a room having one standing 
wave Is pven by. 

Pm (3) 


where. 


P, « cosh [0^ (- nx + i«x) +/(4] 


(4) 
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!?*., t-f‘ normal modes of vibration are given by. 


''M "7 ’ly~ 

m~ 


‘ ’?x'' 

''1 I ' in 

TIse propagaiiort constants are given by, 

™ ^"2fm [ ■ /^ “ ^ ,W } 




(5) 


f6) 




*x!i ’Jx ^fid /(.v) are constants whose values 
«’crc:!j iinon boundary conditions of (4). and r/^. depend only upon the 
••!i;oCu'..rLC of v-walls and similarly Sy, i]y and h~^ on those of j and 


.jl’s 


Acoustic Jmpeoance 

At the plane x = / the acomticai effect will be a maximum because the 
particle velocities arc maximum here fat the anti-nodal point) hence from (6) 
the value of propagation constant in the presence of screen is. 


2h L r‘ 


Vy '’z 


m'‘ 


z Vzl 

"J 


( 8 ) 


and in its absence is. 


77 ( 

' 2 /- 


r^'X ^/X „,L Vz l 

-4 L /“ /I- J 

In mx f (say I tficn from (8) anci (9) we have, 

, If/- 

(^’r> ~ ^'2) ' — 

770“ 

From equation (5) the normal modes with sample sheet stretched in place 
r,v=/)H. 

T. ’i'“x3 ^ v~ — Vy' Vz' 


(9) 


( 10 ) 


and in its absence by, 

r^/al* _ r?xl 7“ lx" — ’Jy” , ^z‘ 

L J L P ' J 

From the above two we have. 


(11 a) 


(116) 


- ^x-) ” (Sx3- - =(/,- -/a^) 


4/2 


( 12 ) 
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Introduction 

The fficasurenieTit of acoustic impedance of different sound absorbing materials 
is of fundamental importance in the design of studios for sound reproduc- 
tion and recording, architectural acoustics and in various diverse fields 
concerning sound insulation and absorption. In this laboratory Prof. Ghosh 
started the study of acoustic impedance of various materials having a large 
porosity. Upon his initiation Chandra Kanta,® Srivastava® and in recent 
years Chatterji* developed different techniques to study acoustic impedance 
of usual absorbers like cellotex, felt, cork padding and other Indian woollen 
pads (NSmda). ITie method of Chandra Kanta dependjs upon the deter- 
mination of air load on the electrical impedance of sound soiu'ce. To 
counteract the lack of high precision in her measurements a modified apparatus 
on the lines of that devised by Beranek® was used by Chatterji. 

The present investigation is a theoretical attempt to obtain an expres- 
sion for acoustic impedance which can be of assistance to the experimental 
experts. The theory can be applied to such porous substances as cotton- 
wool, felt, celotex, etc., which have large voids as shown by Table I taken 
from Chatteiji.* 
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Table I 

Percentage 

Sample Volume V, Solid Voluore V, 


Celotex 1 

.. 51-5 

71-3 

6-7 

87 

Felt . . 

.. 26-3 

74-6 

3-4 

87 

Celotex 2 

45-0 

71-3 

6-7 

85 


iNTSODliCTORY THEORY 

The problem is related to finding the impedance of a gelatinous sub- 
siance in which the preponderance of a liquid phase over the spherical solids 
is quite well known. It was in such a search that this paper was undertaken 
and can be applied to other porous materials equally well. 

Let us consider a rectangular chamber of dimension 2/ x»jXn along the 
axes of X. y, c respectively. Let us imagine a wall drawn of the thin porous 
slab at / and the volume of chamber is reduced to imn, i.e., half that of 
the whole chamber. In accordance with the usual procedure impedance 
at the sample partition can be obtained by looking into the tube of length 
I and cross-section nm terminated by an impedance of the x-wall at a: = 0. 
In the presence of the sample let this impedance be modified from Z* to Z* 
and it is assumed that the presence of screen does not disturb the particle 
velocity or pressure distributions. Taking the impedance of screen to be 
Zj w-e get, 

Z* = Zs-fZi (1) 


The usual equation of motion for the propagation of sound waves of 
velcxiity c, excess pressure p and in air of density p is 


-t- 


( 2 ) 


according to Morsc^ the pressure distribution in a room having one standing 
wave is given by. 

Pm “ Px Py (3) 

where, 

» cosh (- r,x + /Sx) + /(^)] ^ (4) 
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Jh€ fmqucnQm% of iioriiial mude^^ of vibration are given by. 






/ Px" " "/x"' 

■ ' 1 ] fz 

hi: pro»f agatin.^p consianis kf^ are given by, 

[ *"^x '^/x, _ Vy 

/*• 


^2* “ ^/2‘P 


T 


(5) 




fm L W“ J 

in M-hich kjr/ r ■; (2 ?t/^)-. jjj. and /(.r) arc constants whose values 
depend Dr-tjn h.uirdr.ry conditions of (4). )jx depend only upon the 

n-!sp«dar:cc oi A'-\vjil!s and similafly fiy, r,y and ^ 2 , tqz on these of j and 

r 'Aal’s. 

Acoustk Impedance 

At the plane x — I the acoustical effect will be a maximum because the 
particle velocities arc maximum here fat the anti-nodal point) hence from (6) 
the value of propagation constant A'g in the presence of screen is. 


7Tt" 

2f, 


Vxn _ '’3/ ’Jy 


2 ^z] 

J 


fi L 

and in its absence is, 

/. . . p'x ’’lx I *2 ’?zl 

24 L " /- nf- “F'J 

In case /j=^p/;j = .r(say) then from (8) and (9) we have. 


( 8 ) 


(9) 



r/x3 - Ox Vx) (k,-, — k^) 

770“ 

(10) 

From equation (5) the normal modes with sample sheet stretched in place 

(,v > ) is. 


«>:i ■'/‘xr: _ 5y" — Vy' ...j. — Vz“1 

L /“ m- ^ J 

‘(Hfl) 

and in its absence by. 



ra' - 

__ — Vy' ^z" ~ Vz~~\ 

n'^ J 

(116) 

From the above two 

we have, 


< V - Vx") 

“(Sx2--W)=C4"-/3^)~' 

(12) 
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tti'CTc H one pmmte n»>dal plane a! x /. Applying the condition thaJ 
the rraitrial?^ aic very por0u<v as per Table 1. the Morse Irealmcnt would 
|i,ve the cnrolants and *« te-rms of the impedances of .x-walls. 

The impedance pty, of .t=-0 wall is very large due to its rigidity 
vvhik that of ^a\\'piy,e'>*' h small by comparison due to a pressure 
r,.!>de at * /• With these conditions one can get the series solution of 

Morse and then. ^ 

CiJS n^,, — y* cos d*ai ~~ ^'*1 £> ( 10 J 

. irP 

fy, sin 03 — Yi sin -■= 4 f/j* — ,/s*) ■—% 1*12 ) 

where 2,$ -- Zj -= pc'/j are the values of impedances with and 
Without screen. The screen impedance, 

Z---Rt/X 03} 


Z ■" pc (y co-s 0 jy sin 0> 

the real and ijnaginary terms of sample imfscdancc arc, 
R — p (As A's} / 1 

X=4p(/»*-/30 


if A* - < (2»/)*, C* e; 1 and the porosity of screen being large the wave 

/a 

formation is not impaired. 

Thus a construction of rectangular chamber of dimensions 2!xmyn 
will enable a determination of acoustic impedance of a sample placed at 
x^-i provided measurements are made at the lowest resonant frequency of 
the chamber. In case PJfs ** the ratio of pressure in a bare chamber to 
that in a sample using chamber then Harris* has shown that an alternate 
cxpr«s!on for R can be 

By an application of the above theory easy determination of acoustic 
impedance of highly porous bodies is possible provided they are of the 
form of a slab and place inside a rectangular chamber dividing it in 
two halvw. 
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CHOICE OF X-RAY TUBE WINDOW MATERIALS* 

By Chixtamani Mande 

i)f Fh¥$k':. Unberdtv\ 

Vl»3} 4. 1452 

iCDinmuiipcated b’i <j. B. Dc'mihar* Albhahiid Universiiyi 

Introduction 

The abwiption of X-rays iraversing through matter differs from substance 
to substance. Thus X-rays are much more strongly absorbed by some 
substatices than by others. In the selection of the material for X-ray tube 
wimiows. It IS necessary to choose such substances in which the absorption 
of X-rays is comparatively small, to minimise the loss of the radiation 
intcnsBly as far as possible. 

In demountable tubes of the Hadding, Shearer, Siegbahn, etc., types 
used usually in X-ray spectroscopy, the windows selected are generally of 
aluminium, cellophane and mica. In the sealed tubes of the CooUdge type, 
the windows are made of special glasses in which the absorption of X-rays 
is Mnaii. It appears worthwhile to have an accurate and exact knowledge 
of the extent of the absorption of X-rays through these window materials. 
This paper compares the X-ray absorption coefficients of aluminium, cello- 
phane, six commonly occurring varieties of mica and six varieties of special 
window glasses, calculated theoretically for some wave-lengths in the region 
0-5 to 1-5 A.U. The wave-lengths chosen are the Ka^ lines of 29 Cu, 30 Zn, 
32 Ge, 34 Se, 37 Rb, 42 Mo and 47 Ag, substances very often used for anti- 
cathodes in X-ray tubes. 

General Theory of Calculations 

It has been established that the absorption of X-rays occurs by two 
proasses. The first is the photo-electric or true absorption in which the 
easr®' of the beam is absorbed due to the ejection of the photo-elatrons. 
Here the awrgy of the incident radiation is transferred into the kinetic 
energy of the ejatoi electron and the potential energy of the excited atom. 
The soond process is of scattering in which the X-ray energy is spent in 
producing scattered rays. Under this process scattering of both the typa, 
with and without chan^ of wave-length are grouped. If we represent 

* This paper wa<i read in a gesKral meetins of the National Academy of Sciences (IndiaV 
held as Ajail 1952. t ay, 
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T ask Ihe absorption due to the ejection of photo-electrons and a as the absorp- 
tion due to scattering, the total linear absorption may be written as, 

^ = T -f CT (1) 


In leriBS of the mass absorption coefficient we may write. 


P 


P P 


( 2 ) 


wtere p is the density of the absorbing material. 

The absorption due to scattering is very well expressed by the well-known 
Kiein-Hishina^ formula, according to which the scattering coefficient per 
electron is given by, 

1 


$ ne* 


3 

4 


+ |2(1 + “o) _ 1 iog(l +2a„)[ 




in which e and m are the charge and mass of the electron, c the velocity of 
light ac = and v is incident frequency. Thus we have the mass scatter- 
ing coefficient, if Z be the atomic number of the element under consideration 
and A its atomic weight, and N the Avagadro number, as 


6 _ 8 "e* /V y 3 f 1 -J- a0 ( 2 (1 -j- an) 

p"~ I ■ Z 4 L ( T-^ ^ao^ 


log (1+ 2ao)| 


( 4 ) 

A large number of empirical and theoretical expressions have been 
given by different workers for the true absorption of X-rays. Most of these 
formulas have many limitations and they do not give values in good com- 
parison with the experimental data. Recently, however, Victoreen^ has 
shown that the photo-electric atomic absorption coefficient of any ele- 
ment is given with excellent accuracy by the expression, 

C D 

^. 4 = ( 5 ) 


where C and D are constants which change value between absorption dis- 
continuities and V is the incident frequency. The constants C and D are 
given by, 



CHtNTAHWii MaKDE 
D = vjFjKa (Jwe^/mc), 

. and I's MS critical frequescies obtained from the accepted 


wl*«re . 
foroA of s:f«arii emmion. 


Me IZ 


»■(, 


1 


I 

B*' 


) 


Re I a- (Z - AM* 


I 


1 


tKl* «2 


oa-t)--] 

(6) 


m which R k Rydberg A number, c the velocity of light, Z is atomic 
a 11 Sommerfcld’s fee structure constant, s ts 

and «, are quantum numbers. For wave-lengths less than K at^rption 
dmmmmhX \ jctorecn finds that satisfactory agreement m ^Iculation 
IS 0btamcd by assigning the following values: ,s = 0, J, 1, etc., ana n - i, . 
3. 4, etc., a = t23Te'*:fA) and k = n- 

From equation (5) we may write for the mass photo-electric absorp- 
tion cocfticiait, 


\ ^3 


^4 


')■ 


37re- N 


me 


(7) 


Adding the right-hand terms of equations (4) and (7) we get, 

/i“\ f ( Vi *'x*'**''sN . dare* _ At 

V#) “ Iv *3 »'4 / 

rg A \ ^ . 3 / I -b a* j2 (l -i^a) _ i j^g _j. 2o,)l 

" [3 mV A ' 4 V 09* ( 1 4- 20# j 


2«8 


logd + 2a,) 


I 3aj 


3xre® N 


^)] 


( Swe* N\ . 3Tre® ,N\y., jrZ 

putting A for the wave-length of the incident radiation. 

For Minplicity of calculation we may write the above equation as, 

~ Q)d + oeNj, 


( 8 ) 


( 9 ) 



3*re* ^ N\ 
me a) 


where 
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and 





3irc* N\ 
me a)' 


The valiics of the constants P, Q and Z/A may be found in Victoreen’s paper 

referred to above. 

The mass absorption coefficients of the elements required in this work, 
namelj. H, Li, Be, B, C, O, F, Na, Al, Si, K and Fe for the Ko, lines of 
29 Cu, 30 Zn, 32 Ge, 37 Rb. 42 Mo and 47 Ag, as calculated from equation 

(9)1. IfS’e .been give,n below in Table T. 


Table I 


Wavc-leagth in A.U. 


EScmeni 



AgK, 

MoK, 

RbK, 


0-5583 

0-7078 

0-9236 

! H 

0-3TO3 

0-3796 

0-3900 

3 Li 

0-1865 

0-2J65 

0-2832 

4 Be 

0-2278 

0-2964 

0-4555 

3 B 

0-2769 

0-3895 

0-6534 

6C 

0-397! 

0-6194 

1-146 

80 

0-7321 

! -300 

2-648 

9F 

0-9338 

!-7!8 

3-580 

y Na 

i-625 

3-114 

6-640 

12 Mg 

2-145 

4-157 

8-91! 

13 Af 

2-638 

5-149 

11-080 

14 Si 

3-288 

6-451 

13-911 

19 K 

8-131 

16-076 

34-505 

.26 Fe 

19-656 

38-304 

79-858 


SeKj 

1-1025 

GeK, 

1-2513 

ZnKi 

1 -4322 

CuKj 

1-5374 

0-4001 

0-4100 

0-4254 

0-4352 

0-3670 

0-4605 

0-6073 

0-7114 

0-6568 

0-8813 

1-235 

1-487 

0-9877 

1-361 

1-951 

2-368 

1-812 

2-557 

3-732 

4-723 

4-356 

6-260 

9-256 

11-378 

5-937 

8-561 

12-684 

15-594 

11-087 

16-022 

27-749 

29-202 

14-896 

21-521 

31 -878 

39-171 

18-521 

26-742 

39-561 

48-571 

23-263 

33-576 

49-642 

60-921 

57-205 

81-792 

1 19 -454 

145-486 

128-806 

179-302 

253-014 

301 -595 


The mass absorption coefficients of the elements can be easily converted 
into atomic absorption coefficients by multiplying them with the factor A/N. 
in the case of mica where exact formula: giving their composition are avail- 
able, the mass absorption coefficients of these are calculated by assuming 
the Additive Law '‘ according to which the molecular absorption coefficient 
of any compound T, Z* is giv'en by 

M 

F-mfi ~ pjy X /t = X iHa)x "T T (fCa)v “T Z (fJ-aiz + • . . - ( 10 ) 

where {(lah is atomic absorption coefficient of the element X for a given 
wave-length and M is the molamlar weight. The mass absorption co- 
efficient of the compound may be easily determined from the molecular 
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atss-csrpSsor! ctietl'k-ieM. Jn the case of cdiophane and window glasses the mass 
afesorptioi? awiTfcknts are calculated from the known percentages of the 
various eonstjtaents. 

Results and Discussion 
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abKJrpfion coeffkieriis of alurninium have been compared with the experi- 
mental data of Allen.’ Thia may also m regarded as a test of the genera! 
validity of these calculations. In Fig. 2, the iogarithms of the mass absorp- 
: on c*.'eflic!enf>^ of aluminiuin have been plotted a^inst the logarithms of 



wave-lengths in order to get a relationship between the mass absorption 
coefficients with wave-length in this region. 
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It is foynd that tlic mass absorption coeflfciaoit of aluminium in the 
repcwj C) 5-I -5A.U. may be roughly expressed by, 

^5=14U®-* (11) 

P 

Dividing the mhss alsorption coefficient by 2-7, the density of aiu- 
misiuiB, its linear absorption coefficient may be easily calculated for any 
wtvc-!«5|th in this region. 

2. M/m.— Mica exists in nature in numerous forms. The absorption 
of X-rtys may differ widely from one variety of mica to the other. It is 
therefore essential to know the absorption coefficients for commonly occurring 
forms of mica. 

Meilor has given si-x principal forms of mica. They are given in 
Table II together with their constitution. Of all these micas muscovite and 
paragonite are the most common varieties. 

TABI.E II 



Name 


Composition 

'M»k::0VlCC 

Fotesh 

Mica 

H*KAl3(SiO*)3 

Pirag<mit€ 

S.oda 

Mica 

H^NaAIg (SiO,)3 

Lepidolile 

.Litfiia 

Mica 

(HO, F)3 (U K)3 Ai^SisO, 

Phlofopite 

Magnejjia 

Mica 

(H, K, Mg, F)3 MgaAl (SiO^)^ 

Ziiiowildiie 

IJtliiiim-iron 

Mica 

(HO.FiaLTKIaFeAlaSijOe 

iicitite 

Mago.esmm“iron 

Mica 

(H, K)* (Mg, Fe )3 (AI, Fe), (SiO^);, 


The ntass absorption coefficients of the various forms of mica as obtain- 
ed from the.se calculations are shown in Table III. In Fig. 3, the 

Table III 


R'idiilion 



Calculated fijp values 



^ flt'3 1 

'of 

hiMKmitt 

Ptragonite 

Lepidolite 

Zinnwaldite 

Phlogopite 

Biotite 

Ca 

42-52 

3M8 

48-70 

83-08 

51-55 

132-76 


34-73 

25-64 

39-83 

68-57 

42-16 

1!0'65 

Ck 

23-58 

17-17 

27-11 

47-36 

28-69 

77-63 

Sc 

16-40 

11-91 

18-89 

33-36 

19-99 

55*35 

Rb 

9-859 

7-143 

11-37 

20-30 • 

12-02 

34*07 

Mo 

4-617 

3-354 

5-324 

9-574 

5-624 

16*25 

Af 

2-384 

1-751 

2-744 

4-908 

2-894 

8*341 





logarithms of the mass absorption coefficient tu 
plotted against the logarithms of wave-lengths. 

If is seen from Table IH that tkA 

in the various qualities of mica dTfe wMety of X-rays 

tion coefficient is least for paragonite and haT another. The absoip- 

We tor any wave-length. The absorption coefficiSfTiv 

tour times that of paragonite and nearlv rhr^r^ u ^ “"'^rly 

is therefore advisaWe to use p^ragS aM " ' l' 

paragonite and muscovite micas as a material 
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for x-ray lube windows, in order to reduce the absorption of X-rays in the 
window to a miniimum. 

It is inter^ting to compare the calculated values of the mass absorp- 
tion coefficicats obtained here with the experimental results of some 
workers. 

Unnew'ehr* whose data alone have been given in the International 
Critkal Tables iVoL V!, p. 16) has measured the linear absorption coeffi- 
cients of mica for the A'a and radiations of Cr, Cu, Rh. and Ag. He 
has not, however, mentioned the variety of mica used by him. In Table IV 
below, the calculated values for paragonite are compared with the experi- 
mrate! results of Unnewehr. The excellent agreement between columns 
2 and 4 proves beyond doubt that Unnewehr had used paragonite mica in 
his investigations. 

Table IV 


RadmlioQ 

line 

of 

Unnewehr 

Author 
calculated /x/p 
for paragonite 


Cu 

89-2 31-84 

31-18 

Ag 

5-1 1-82 

1-75 

* Tte tesitics Oi tte 
'beef! cl0rie m t!« LC,T. 

micas varj^ frmB about 2*7 to 3. 

Here p is taken as 2*8j as has 

Williams’ has measured the lin^r absorption coefftcients of mica in 
the region 0-4-2-3A.U. and has shown that the linear absorption coeffi- 
cient in this re^on can be expressed by 


/I = 36-56A ® 

(12) 

W'UMams also has not mentioned the variety of mica used in his work. 
His results, however, agree fairly well with the calculated absorption coeffi- 
efcot fiw muscovite. This can be readily seen from Table V. 


Table V 


Radklioo 

line 

of 

Williams 

Author 
calculated /x/p 
for muscovite 

A* Wp* 

Cu 

119-81 42-79 

42-52 

Ag 

7-32 2-61 

2-38 
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it thtts appears that equation (12) given by Williams is true only for 

rrsBscovite mica. 

From f Jg 3, it is found that the linear absorption coefficient of mica 
in the region 0'5~1'5A.U. may be roughly expressed by 

= A s . (13) 

Vkhere ^ is a constant varying with the type of mica; for muscovite A ^ 12-6, 
for paragonite A ~ 9-1, for lepidolite A — 14-5, for phlogopite A -= 15-1, 
for zinnwalditc A - 25-1 and for biotite A =41-2. Knowing the variety 
of mica. Its linear absorption coefficient can be readily calculated from 
equation (!3). 

3 Cellophane. — This is a complex organic substance. It usually 
contains'' SCf/j, regenerated cellulose, 14% glycerol and 6% water. The 
mass absorption coefficients of cellulose, glycerol and water as obtained 
from these calculations are given in Table VI. 

Table VI 


kf> 

Radiation 


line of 

Cellulo^vc 

ft 

Glycerol 

CgH^Os 

Water 

H,0 

Cu 

7-740 

7-816 

10-150 

Zn 

6-248 

6-322 

8-268 

Ge 

4-250 

4-299 

5-605 

Sc 

2-979 

3-014 

3-913 

Rb 

1 -840 

1-863 

2-395 

Mo 

0-9403 

0-9531 

1-197 

Ag 

0-5607 

0-5693 

0-6915 


From the absorption coefficients of cellulose, glycerol and water, the 
ma^ absorption c<«fficients of cellophane have been calculated. They 
are shown in Table VIT. 

Table VII 


Radiation Kj line of 

Calculated ft/p of cellophane 

Cu 

7-825 

Zn 

6-380 

Ge 

4-338 

Sc 

3-040 

Rb 

1-877 

Mo 

0-9574 

Ag 

0-5798 
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Tl 5 € only experifSJiintai work on the absorption coefficients of cello- 
phane tn this region appears to be that of Williams. Williams has shown 
to! for cellophane the linear absorption coefficient may be expressed in 
the region 0'6-2-3A.U., by 

/i»3-52A««. CM) 

h wii! interesting to compare some of the values of the mass absorption 
coefficients of cellophane obtained in this work with those of Williams. 
This camparison for the lines of Cu and Ag is shown below in Table 

vni 

Table Vllf 


Radmtion 

Willknis 

A'lithor 

K.J Imc — 



calcukted 

of 

ft 

l^lp* 

lijp 

Ca 

5! -06 

8-50 

7-83 

Ag 

0-747 

0-57 

0-58 


*' Tl* ©f fresm about I "2-1*4. Here it has been taken as 1-3, 

The agreement tetwwn the values of the author and Williams appears to 
be fairly good though not perfect. It should, however, be remembered 
that the proportions of the constituoit, in cellophane may vary to some 
extent and it may as well contain some impurities. 

The logarithms of the mass absorption coefficients of cellophane have 
been plotted in Fig. 4 with the logarithms of wave-lengths. From Fig. 4 
i\ spears that the linear absorption coefficient of cellophane can be given 
approximately by the expression 

j^ = 2-5A« (15) 

Comparing equations (II), (13) and (15) it is at once apparent that the 
absorption of X-rays is much less in cellophane than in raira or aluminium 
for any gven wave-length. It is thus more desirable to use cellophane 
windows in dmountable X-ray tubes. 

4. iVinJaw gksses.—Seser&l special varieties of glasses are used for 
making windows in sealed X-ray tub«. It is essential that the absorption 
of X-rays in the window be as small as possible. For this it is necessary 
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and sufficient for the glass to contain only elements nf ot • 

The problem becomes difflcult when infr!^^„?. T 

gJass must have a sulScioit LumLe a ""f' “ 

thermal point of view Besides this th m * hlechanical and 

window ^avs shou d be^s near It 'm •>■= 

g be as near as possible to that of the glass of the 


The glasses usually used 
TaWc iX together with their 
a 


in the windows of X-ray tubes are given in 

percentage compositions.® 
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Tabu IX 


Percentage composition 


Name of the gSai;- 



BeO 

Li|0 

B.O3 

Lifideimor^ 

2-50 

!4-20 

83-30 

iMgkt and Wcilmann 

4-40 

13-60 

82-00 

iamin Patent 470^ I . . 

13-00 

15-00 

n-m 

RMian Faleni 47f}50 11 . - 

8-50 

20-30 

71-20 

%ia«lcv 1 

14-08 

17-56 

68-36 

M.32elc%' If 

ii-95 

17-82 

70-23 


The calculated absorption coefficients of the oxides constituting the 
giasses are given in Table X below. 


Table X 


Radiation 
Kj line 

Ql 


i^Ip 



LigO 

BgO^ 

Cu 

7-812 

6-423 

8-578 

Zn 

6-364 

5-239 

6-986 

Gc 

4-321 

3-566 

4-735 

St 

3-022 

2-503 

3-309 

Kh 

1-858 

1-550 

2-028 

Mo 

0-9382 

0-7967 

I -017 

Ag 

0-5502 

0-4786 

0-5906 


From the mass absorption coefficients of these oxides, the mass absorption 
coefficients of the window glasses have been calculated. They are eiven 
in Tabk XI. 

Table XI 


R-adklioa, 

Ki Itm of 



Calculated p^jp values 



LiiMkmann 

Zeigicr and 
WeTlmami 

Russ. Patent Russ. Patent 

I II 

Mazelev 

1 


Cu 

8-253 

8-251 

8-155 

8-075 

8-092 


Zn 

6-722 

6-721 

6-663 

6-578 

6-592 


Gc 

4-559 

4-558 

4-506 

4-463 

4-471 

4 “477 

Se 

3-187 

3-187 

3-151 

3-121 

3-127 

3-131 

Rb 

1-956 

1-956 

1-934 

1-917 

1-920 

1 “923 

Mo 

0-9838 I f 0-9836 

0-9737 

0-9655 

0-9672 


Af 

CI-5731^ M 

;; 0-5736 i: 

, 0-5685 

0-5645 

0-5652 

0-565S 
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It » seen from Table XI that the mass absorption coefficients of all 
the wiadow glasses for any one wave-length are nearly the same. The mass 
absorption coefficient is maximum for Linderaann glass and has minimum 
values for Maaive gk.sses. From chemical, raa:faanical and thermal points 
of view also, the Mazelev glasses are considered as the best, while the original 
LlndfflBann glass, the first in this interesting glass family, appears to be 
the least desirable. 


( 



Fig. 2 




aountaWe X-ray tute. It has been shown that the absorption of X-rays 
is le»t in cellophane for any given wave-length. It is thus desirable to me 
(xUophane windows in demountable X-ray tubes. 

In the sealed X-ray tubes, though there is not much difference in the 
absorption coefficients of the window glasses, the absorption in Mazelev 
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Ij,BRew.ehr »a«i paragonite mica and that u«?d by Williams was muscovite 
mks. f-x penmen lit I data on window glas.ses is not available for comparison. 

Sinipte relationships between the absorption coefficients and wave- 
icri'lh have been obtained for ail these substances for ready calculation of 
the absorption cctcfficknts for any wave-length in the region 0-5-1 -5 A.U. 
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Abstract 

The paper attempts to throw li^t on the basic structure of some 
inorgank: gek inasmuch as a simiiarity in the behaviour of their Young’s 
Modulus with temperature is concerned, it is observed that the varia- 
tion can be represented by 

Log„r^ -- log,Oo - CiT, 

where 1, is the Young’s modulus, T the temperature in X., and are 
two constants depending upon the nature of a particular gel sample. 

Six gels of the Weimarn class are studied in which quite a good agree- 
m©ttt is obtained regarding and Ui as shown in Table X. Further- 
more, by way of comparison Iron Silicate and Thorium Phosphate jelli^ 
have been taken. There do not give the same order of values for or 
fl/ which goes to show that there is a variation of property from one 
group to another although gels of the same group are affected to an equal 
and similar extent upon the application of deformation forces. 

The Young's modulus is determined by the author's ultrasonic total 
reftertion pulse technique. 

1 . Introduction 

In a series of rwent publications originating from the work done by one of 
tire authors (A.M.S.) the viscoelastic constants of a number of gelatinous 
sutetanises falling into the Weimarn class according to Prof. Dhar’s clas- 
fifeation,’ have been reported.* The dependence of these elastic modulii 
on sudi parameters as temperature, time of setting and the frequency® of 
the impressed ultrasonic waves that are employed for the purpose using the 
well-known pulre exploration techniques,® has been the subject of study in 
this laboratory.® TTic effect of the particle size to the attenuation of such 
waves in these gels is discussed upon the consideration of scattering and 
viscosity effiKts due to the spherical solids embwidai in a liquid phase.® 
22 
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r-x thohilii.'ii 'iork origiaated in one of the publications is l^ing expandot 
i.'- e!r»T.!r.a!i* 4 iargc number of complicated mathematical treatment to make 
;i to experimental verifications." The rather interesting phenomenon 

d varvtion irs ultrasonic velocities with the frequency of the impressai 
i^a .es. A huh u altogether absent in any solid or liquid in the strict sense, 
m the gelatini^as state of matter can be explained on the consideration that 
panicles of diflerent sizes are present in a gel and that all the particles are, 
iheref>'i-c, n. t equally effective in the propagation of the wave.** 

In case larger particles are present they remain at rest when alternating 
Sir waves beat upon them whereas the smaller particles move to and fro 
Ailb the impressed periodic force brought into play due to the passage of 
an ulira-vonic wave. In that case the larger particles only contribute to the 
attenuation of the waves. These interesting cases are discussed in a forth- 
coming publication. 

The belief among the colloid chemists that a highly viscous sol is essen- 
tially connected with a high degree of hydration of the colloid particles results 
in a conclusion that the colloidal particles ought to be more hydrated at 
higher tenperatures. Ghosh and Banerji* observed that the sol of ferric 
phosphate at 50’ C, becomes more quickly viscous when it is sewn with an 
already formed gel of ferric phosphate of the same concentration at the sol. 
The curves obtained by one of the authors (A.M.S.^o) indicate that the changes 
in the state of gelation are not abrupt as evidenced in a few' curves reproduced 
here (Figs. 1. 2. 3l. This paper attempts to work out a theoretical curve 
along the lines of well-known treatment given by Pearson^ and Atldn.^® 
It is also intended to seek any correlations that might exist among different 
gels that have been studied. 

2. Technique and Results 

The ultrasonic pulse technique^"* was found suited to the investigation 
in gels because it was seen to have many advantages. The foremost being 
that an ultrasonic pulse is transmitted through the sample without doing 
any damage to it and it is comparatively easy in execution, calculation 
and more accurate. Also no extensive preparation of the samples is 
needed. The total reflection technique is fully described in previous 
publications. 

Results obtainal from the above applications are reproduced in Figs. 

1 , 2 and 3 . Tables I-III are reproduced to show the values in the case of 
different gels of the Weimam type that have been studied. 
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Ftt*. 3,. Shows tte variation of Ycwng’s modulus with tiiws at 22® C. 

Table I 

Elmtkiiies Simmium^ Sulpfmie ai Different Temperatwes at2-5Q MejSec, 


No, 

Temperature 

T 

V. V, 

10®cms./sec. 

k 

(T 

E S 

to*® dynes/cm.- 

i 

20 

2.59 

2-19 

. . 


2-67 

5-95 


30 

2-55 

2-15 



2-58 

5-75 

3 

40 

2-43 

2*05 

i-18 


2-46 

5-48 

4 

50 

2-29 

1 -93 


. . 

2-07 

4-63 

5 

60 

2'I9 

1-85 



1-90 

4-23 

6 

70 

2-14 

1-78 

1-20 

•62 

1-75 

3-94 





M<)man Srivastava and Anand Kumar Srivastava 
Table II 

Strontium Phosphate at 2-25 Mei Sec. 


N'O, 

Temperature 

"C. 

V. V, 

10’* cms./sec. 

k 

cr 

E • S 

!0"' dynes/cm. 

i 

i 


2-m 

2*00 

i-22 

•542 

4-88 

5-23 


30 

2-52 

2-00 

1-22 

•54 

4-68 

4-12 

3 

45 

2-4(1 

1-83 

1*23 

•50 

4-34 

3-85 

4 

57 

2-13 

1-72 

i-2! 

•43 

4-06 

3-53 

c 

n 

2 ‘ 0 ? 

1 ‘65 

1 ”22 

•41 

3-88 

3-34 




Table III 






Elmikities of Barium Sulphate at 1 

•25 Mel Sec. 



Ni'0. 

Temperature 

C. 

V. V, 

i0“ cms./scc. 

k 

<7 

E S 

10"’ dynes/cm. 

1 

m 

2*16 

1-74 

1-27 

•32 

4-94 

3-61 


30 

2-15 

1-72 

1-26 

-35 

4-72 

3-63 

3 

40 

2*12 

1-70 

1-25 

-39 

4-39 

3 Oo 

4 

m 

2-08 

1-68 

1-24 

•43 

4-01 

3-51 

5 

m 

2-06 

l -66 

1-24 

•43 

3-90 

3-46 

6 

70 

2 '06 

1-66 

1-24 

-43 

3-80 

3-40 


3. Statistical Discussion 

In cme we have H-pairs of values and it is required to represent them 
through a relationship of the type 

y =- fl® r aiA -r a^'^ -f- -r flpJcP ( 1 ) 

the problem is to determine the constants a,„ a„ — flp, uniquely in 
terms of the known co-ordinates of the points, (Xj, Y| ), fX^, Y^), . . . . ,(X.u, Y n) 
so as to give the best possible fit after having determinal the value of p 
acco r din g to lias particular ne«l. The best possible fit refers to the criteria 
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adoploJ, which, .m i.3ur case would be the method of least squares inci- 
detiially the most universal in use. U means that a certain function U as 
■ Mf'w has a minimum value. They are 






where 




defining she residual when we substitute the value of in equation (1) to 

c« ihe quantities 




-r ttpXrP 


il 1. = 0, each of the residuals must be zero and the data are represented 
perfectly by equation (1). When this is not so, the value of U > 0 and the 
magnitude of U would represent the closeness of the fit. Then for the best 

fit the constants ag,, Oj, , Sp, must be so chosen as to give a least value 

to Ij. Let then this minimum value of U be U„. In equation (2) if we put 
for the constants a,. . . a^, the quantities a, + a, -f a, + 

, Up t we gel L. w hich is always greater than U. for all values of 


L, ■ r [(Y ~ n, -- CjX - 

.... - *pXt>)]*> 

'-I'lfY ~a„ ~ fljX - 
* .... - €pXP)^ 

~ 2 (Y ~ Of, — a^X 

and if U, ^ L'o, we must have 


OpKP) - (e„ «iX -f- €jjX* 
- OpKPf + (€„ -y ejX + 


..apXP)i, 


© T” 


.pXPf-2i7[CY~a„-a,X 

^ .... - CpXP)] ^ 0 


-flpXP) 


‘ 1 M f ^ u" • • • ’'p- ‘ small, the first term in (7) is 

neghgibie and the second must be zero or else a set of ‘e’s can he 
selected to violate the condition laid down. Thus 

< Y a„ - agX - ~ OpXP) (€„ + e^X + . . . . -u epXP) = 0 (8) 

Md’hiSL!' “'fficims of all ihe must vanish 
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I'lY) - a,£(X] - a^(X'^) -• .... - UpZiXP) = 0 

1' (VX } ffl® r fX) - flj £ (X^) a* « fX®) - • ■ • • -- ap ^ =" 0 

£(YK^} a^m - a,2’fX*) 0^2 W) -....- ap2(XP+^) =0 


2rYX?>) fl.>2fXP) - a,I(Xi^>) ayE(XP-^) - .... 

-ap2(X®P)-0 (9) 

These are (p - i) equations in the set (9) betwwn (p ~ 1) quantities and 

hence thcv can be solved to give the constants a«, a,, Cp in terms of 

the knowi? quantities 2 (X). 2 fX-) . . , 2 rx®P( : S(Yl S (XY) . . 2 (TXP). 

If the rth moment is defined by 

(10) 

the set (9) can be expressed as, 

- 2 (Y) — Ofl — OiPi — OiP-i ~ .... — dpP-p ~ 0 

- 2 (YX) — o^px — Bj/ij a^fig .... flp p'p^i — 0 


i 2 (YXP) - a^p' - Ojp'p^t ~ osfi'p^n -....- Opp^' =0 (II) 
4. Exponential Curves 


If the curve to be fitted is of the type 



N 

(12) 

tte 

Log« N = loge 09 + Oj-T 

(13) 

and putting 

LogcN = y, 


w obtain. 

y = l<^ Oft 4- a^x 

(14) 


which is linear in .v and y and in ctmsequence there are only two constants 
to be «toer®iiirf, i.e., p^2 here. 
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5 Young's Modulus and Temperature 

f J.c litliotting lable illustraies ihe application of the previous theoretical 
It* the case of barium sulphate gel. 

Table IV 


Now 


i.e.. 


ig'i Mtxlulus 
'■ icy 9 

Log, - 

j T" C. 

X2 

JT 

5 • 22 

-71 77 

22 

484 

15-79 

4 ' 76 

■bilk 

30 

900 

20-32 

4-41 

•6444 

45 

2025 

29-00 

4-17 

•6201 

57 

3249 

35-35 

4 -Os 

■6107 

70 

4900 

42-75 

!'(}’) r.:r 3 

'2705 27 (T) 

= 224 2’(Tri 

= 11558 

11 


Whence 


rfY) - -0 

2'(YT) - a^HT) - a^KT^) =0 

- 224^1 - Sa^t- 3-2705 =0 

- 11558fls -- 224^0 -i- 143-21 =0 

a = _ -0028 


(15) 


(16) 


a«= -779 

Now the equation is 

v= -779 - ■0028T 
And in ordinary units 

Logp ri = l01O-77»-OI)JHi 


( 17 ) 


Haice 


’^—6-01. I0^®e— 
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Table V 


Ytjsfig’s ModuluH Log, 

/ lO’*" 

V T"C. 

T- 

j'T 


2-67 

»4265 

20 

400 

8-530 


2-58 

•4116 

30 

90) 

12-348 


2 -46 

•3909 

40 

1600 

15-636 


2-{^ 

■3139 

50 

25(X) 

15-695 


1-90 

•2788 

60 

3600 

16-728 


i-75 

■2430 

70 

4900 

17-010 



2-0647 

270 

13900 

85-947 

The ajuations to be 

solved in this 

case are 





-■ 270Bi - 6fle 

-f 2-0647 = 0 


(18) 

- 13900% - 270fl8 ^ 85-947 

whkh give 

%=- -0025 
fle= -725, -465 

CoBS%[ueatl> the final value of r/ is expressed as 

= 0 

(19) 

(20) 
ai) 



i} = 7-70. 




For Strontium Phos^uae 

Table VI 



Young's Modulus 

X W® 

11 

o 

T“C. 

'J'2 

J'T 

4-88 


■6884 

22 

484 

15-15 

4-68 


•6702 

30 

900 

20-10 

4-34 


•6375 

45 

2025 

28-74 

4 


■6085 

57 

3249 

34-68 

3-88 


■5888 

70 

4900 

41-12 



3-1934 

224 

11558 

139-79 
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'Tbi equations a'C, 




224 flj ■- Soo -f- 3-19 = 0 

- 11558fl, - 224a„ -f 139-8 = 0 

a, = — -0022 
Cf,= -791 


( 22 ) 

(23) 

(24) 

(25) 


For Thoriufn Phosphate 

Table VII 


Y^un^ Moduius Log^ tj == y 

T'C. 

•p 

jT 

7-50 

■8751 

20 

400 

17-50 

6‘S2 

•8338 

35 

1225 

29-28 

5-5? 

•7459 

50 

2500 

37-30 

5-07 

•7050 

64 

4096 

45-10 

4 ‘83 

•6839 

74 

5476 

50-62 


4-0437 

243 

13697 

179-80 

From the above tables the following equations 

result 


— 

243a| — Sflg -* 4-044 = 0 



(26) 

which give 

13697aj — 243co t- 179-80 

=c0 


(27) 


a,= - -0085 ao=l- 

30 


(28) 


For Iron Silicate (No. 1) 

This IS a gel of a different group and it may be of some importance to 
compare it with tho-se of the Weimam type seen above. 

Table VIII 


Young’s Modulus 
.x 10*« 

Fog, 5? - y 

C 

T^ 

yT 

2-23 

■3483 

22 

484 

7-66 

1-65 

•2175 

30 

900 

6-53 

1-14 

•0569 

45 

2025 

2-57 

0-81 

•0338 

57 

3249 

1-93 

0-56 

■0236 

70 

4900 

1 -65 


•6801 

224 

11558 

20-34 
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The aaftatiwss follow- 



224cj -- 

Sfle-i- -6801 =0 


( 2 $) 


- I1558fl, 

- 224<i„ 4 20-34 = 0 


(30) 

and 

ag= -45. 

flj = ■“ -(XWl 


(3!) 

For Iron Silicate (No. 2) 





Table IX 



Youag's Modatus 

Log,j? == j 

j- T= C. 

ys 

* ¥ ' 

yT 

/ 1(P» 





4-25 

■6284 

20 

400 

12-57 

5 60 

•5563 

30 

900 

16-69 

3-12 

•4942 

45 

2025 

22-24 

r-i 

-4440 

57 

3242 

25-31 

2-59 

•4133 

70 

4900 

28-93 


2-5362 

222 

11558 

105-74 


The resulting equations are, 

- 222fli - 5a» + 2-536 = 0 (32) 

- I1558oi - 222£Z9 + 105-74 = 0 (33) 

Wlticb yield, 

a, = --0041, flo=-69 

i In tolisnz! 2 of T«bte IV-IX above, logarithms are taken to the base ten in place of 
biapwtan, Consequeitiy, as a little matlKtiiatics shows, the values of and Oi will come out 
JO be th(»! ertttaiued divided by Log* 10 U., 2-30. j 

6. Dbcussion of Rkults 

The statistical correlation of ^1 data, considering the variation of Young’s 
modulus with temperature, has b^n carried out in Tables IV-IX. As a 
result of Equation 12 the constants and Uj are calculated from experi- 
mental data. Table X shows at a glance the different results obtain^. 

The remarkable agreement seen in Table X to the effect that the values 
for sis Weimara gels do not show- a variation greater than 12 per cent, 
among BaSO^, SrSO^ and SrPO^ gives reason to conclude of some common 
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Tablj; X 



Ci'Cl 



Referenos 

1 

Barium Sulphate 

. -779 

- 00283 

- -0025 

-■0022j 

Weimarn gels 

2 

Strontram Sulphate 

•725 

A. Data given in Tables 

i 

SiroEtmm Phosphate 

■791 

IV, V, VI. 

4 

Thonum Phosphate 

1-300 

-•0085 

Table VH 

5 

iron Silicate I . , 

■45 

-■0061 

Table VIII 

6 

Iron Silicate li . , 

■69 

-■0047 

Table IX 

7 

Bariyffi Carlnoiiale 

•756 

-■0031) 

- -0026 
-■0024] 

Weimarn gels B. Data 

8 

Calciiiiti Sulphate 

■732 

not given here. 

9 

Phosphate . 

•716 


grourad in their behaviour to elastic deformation forces. Similarly gels in 
the other group B taken from our calculations not shown here, do not give 
a variation of more than 1 1 per cent, in the values of as. 

In a similar manner the values of are uniform for all Weimarn 

gels. 

Bat this agreement in the gels of same group does not extend to 
others like iron silicate or thorium phosphate. In the former case assumes 
a value 2 to 3 times greater than in the Weimarn group. Similar disparity 
is ol^rvaJ in a„ too, though they do not show such a high deviation. This 
implies that the zero state value for all gels are not so very different but 
their behaviour in transformation due to temperature variation undergoes 
different paths. Gels of the same group however traverse almost the same 
path and attain different values of E simultaneously (with respect to T° C.). 

The fundamental one-ness of structure in gels cannot, therefore, be 
percieved during the transformation temperature states where different 
groups will be found to have totally diverse values. To seek an identity in 
the structure of gels one shall have to probe deeper than their studies 
at normal room temperatures. 

Our studi« here, though of a very limited nature, purport to establish 
that it may be possible to show this identity at zero temperature states where 
Ug's might have a more uniform value. 

TTiis paper is the first step in this direction and as such we are not in a 
hurry either to positively assert to have achieved an identity in gel structures 
or categorically deny all such attempts to be misconceived. In view of these 
limited results we are in favour of the former in case a zero state of tempera- 
ture is considered and to the latter at any arbitrary temperature. 

3 
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Farther work is in progress where the problem is dealt with from the 
fisndpoint of another important parameter, viz., the time of setting or 
hardening of the gels, which is likely to throw more light on the problem 
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generalization of a theorem of NEWSOM 


By Nirmala Pandey 

(Department of Mail«fmtks, AikAabad UBiver^ity'} 

Newsom* has proved a theorem concerning the behaviour of the series 

oo 

S g (m) 2”*, radius of convergence — 00. 

mas© 

when the absolute value of 2 becomes large. The coefficient g (m) occur- 
ring in the general term of the power series may be regarded as a function 
g (ca) of the complex variable a> = (.x -f fv) and as such satisfies the following 
two conditions: 

(a) it is single valued and analytic throughout the finite to-plane; 

0 ) it is such that for all values of .r and y one may write 
i g Cv -j- iy) i < K 

w'here K is a constant independent of .y and y. and k is any given positive 
integer. 

In the present paper, 1 wish to prove a similar theorem under less 
restricted conditions on the coefficient g (m). 

Theorem. — Let it be assumed that the coefficient g (m) occurring in the 
general term of the power series 

00 

Q{z) = S g (m) 2*”, radius of convergence =00, ( 1 ) 

«-0 

when considered as a function g(w) of a>( = Y -r /» satisfies the following 
two conditions: 

fa) it is single valued and analytic throughout the finite <o-pIane; 
0 ) it is such that' for all values of y and j, one may write 

j g (y + iy) i < Ke exp {(A: -f 1 A - w - c) | j | } ( 2 ) 

and 

! g (x — iy) j .< Kj’ exp ((277^’ “h 1 -f- 1 w «) I v j } 

(K. and K/ being constants). 
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Then iht’ funclic-n [Jiz) defined by the series (1) when considered for 
all values of r siilisfying She condition - < arg z < s- may be expressed 

!,!i She form 

m 

a (-) C e ^ ---,cos2^A'.v^ ^ . 

J (COS 1 H- I SHI 277X1 ‘ ^ 

where / is any positive integer chosen arbitrarily and the expression 4 (/. z) 
is such that 


sin z-iu^Lzl^--0 

I 3 I 

irrespective of the value chosen for /. 
Proof , — Considering the integral 


(4) 


/ 


^.AJ * + its g ((o) 2W 

j j fc V !'■ 


(51 


where Ihc path of inlegraticn C„ ii an) closed (finite) conlonr enelosins the 
points ,, -,^2 ^ I, 0 , 2 .,.. and applying 

Cauchy s integral theorem we get 



RS 



^ » a Cm 


where 

£ r4»'r+ i« g(«)2w. 

(61 

and 

Jj (to, z) = / exp (— fj 2friw 4- A/ g (to) dco. 

(7) 



(8) 

Also 

bj is given by 






(9) 
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?.i to study the right-band member of (6) we tirsl study k integrals 

ft.* fiftm 



fi' we pu! z — p (cos 4 — /sin4K lj(w. r) can be written in the form 
Ij -- J [exp{(2r^7T -- 6 — Ak- 1) j /fr iogp -4 ~ 2r,-!TX 

-T Ak r ! -v) I g (i^j 1 ] J,j, ( 11 ) 

We may take the path of integration in (1 1) to be that which starts from 
the origin and goes to the point co — x and then proceeds parallel to the pure 
imaginary axis to the point e« = .T-/v. Ij (w,z) can then be written in 
the form 

I j (m, 2) Rj (p, 4 v) -f Sj (p, 'f, .T, y), (12) 

where 

Rj fp, 4, .v) *- f 2r,'r-(- A» +1) xi „ (x) dx fl3) 

and 

Sj (p. <4, .Y. y) =• ip^ j [g f.v ~ /y) ('<**■’■' - ^ - A » + y 

X 2og p-f ^ - iwf^x-T A ifc 4* I xHj 0^^ 

Having confined z to any finite region B of the z-plane in which 
-ff-re<4<7r — €, € being positive and arbitrarily small and p being 
bounded, if we confine y and y to any strip of finite width fso that y is 
bounded) drawn in the co-plane parallel to the y-axis, we may write accord- 
ing as y > 0 or y < 0, 

; Sj (p. 4>. X, y) ! < M, r- e)y ^ 

and 

I Sj (ft, 4 , Y, y) i < c‘2 V+-1 ir-ar,x-tJ lyj ^ y ^ 

where Mj and Mg are positive constants independent of p, x and y. 

We may take Cm to be the rectangle formed by the lines to = — /— 
w = n 4- i -f i}\ K’ = Y -f ip and co = x + ig, where we take / to be an 
arbitrarily large positive even integer and p and ? to be arbitrarily large posi- 
tive and negative quantities. 
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iX’nctmg bv Aj the ccntributiors to (!0) from the side upon 
which (,■' ■■ ■ % ■■ ip we have 


/ 


evp l2rjTri tv — /'/?)] [Rj {p, <i>. .Vi -r Sj ip, r3vX,^)j 


{sxpilTri.x ip) 


I Utrl 


dx 


and lakini' !he med'dus on hot!) the sides we may write 

-i— i;; 


A, ' ! 


f Rj (p, 4. x) , \ . I f Sj ip, 4>, X. p) , 

1 ■' ^.•ir TTp I ' j J giT]vp 


( 16 ) 


fl7) 


SsHc; Rj {p,j>. X) is bounded for all values of p,<j)‘dndx with which vve 
are concerned in (i7i. the first integral cn the right of (17) approaches zero 
as p approaches infinity. 

Also the absolute value of the integrand in the second integral on the 
right of (17) cannot beconae infinite to an order higher than that of e'«P for 
large and positive values of p. We therefore have 

Lim Aj = 0. 

P^oo 

Similarly, it can h: shown that 

Lira Bj 0, 




where Bj is the contribution to the integral flO) arising from that side of 
C« upon which tu =r x (q < o). 

If Llj be the contribution arising front the side L iy, we raay 


write 


OO 

C, - ( .- ■ f , j,- R, J, J- «ei- 




The integral J " ^ dy which we may denote by H, 

be evaluated directly. 


can 
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We may wTite 


H. 


cx 

/ 


fxp ( 


dv 

ry I |i-^i 


I' u 


IC*#* I 


1 ik 
In 


m(j 

"k \ 


H! 


(m 


Alio the absolute \a!ise of the integrand in t e second integral on the 

right of (18) ib less than 

M, ' e-cJ/ M,' p"- i c '2 ijo 

fp-iira I |icj-3 jj ft+r' ■> ’-'f* 

where Mj and M 2 ' are assignable positive constants and the two expressions 
in ( 20 ) arc to be taken respectively according as r o> 0 or j< 0. Now 
^ince (e - 2 irjr _ j j -fc-! k - 3 remain bounded according 

as >' 0 or .]• < : 0 respectively, the integral in question converges uniformly 

for all values of z lying in the region B of the z-plane. Moreover, if p be 
restricted only to those values of B which lie inside the unit circle about the 
origin, the limit of the integral in question approaches zero as n approaches 
infinity. We may therefore write 

Cj“ t (— 1 ) ’’i Hj Rj(n -j~ I, p, 4>) + (Of z) ( 21 ) 

where for these values of z in B for which ' z : .. ' we can write 


Lira ijj (n. z\ - 0 . 

ir^cjo 

Lastly we consider the contribution to (10) arising from integrating 
over the side — / — i 4- iy of the rectangle Cm- We have 

Dj = f- \rt / Hj Rj- fp, S,- I ~ I) - vj (/. z), (22) 

where Vj ( 7 , z) is given by 


rj(/,z) = (- 1) 


!»■,+ 1 


O 

/ 





ZT 


A-- 

1) 


Iv y) 


dv. 


(23) 


It is evident that an analysis similar to that applied to the second integral 
of (18) can also be applied to the integral in (23). In fact, the integrand of 
this integral is less in absolute value than 

X I )’lc ” (^*x lyi X I )fc+l ■ ' 

according as j > 0 or < 0. Hence it follows that jj (I, Z) is uniformly 
convergent throughout the portion of B in which ! z j = p ^ Pi >0 where 
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P, arbiiraniy small and is •iuch that for these salues of r in the portion of 
B ».iit specifisd we shall have 

Lim z^yj (i. z) 0 (25) 

S 


Also we may vtrite 


Rj(p, <4, II — 1 1 ■“ Rj(p, ti. I J ) 

H -f i ! ™ 

- I g(x)Z^ exp f— tjlnxi ^ Aik +'lx] dx (26) 
g now Aj, Bj, Cj and Dj together, we have 


r’’/ I Jw 

I? 

"j ) Icti 


■ft If A 

/(— J ?(x)z^expf— Zrywxi + A/A -f l.r} dx 


, f/7^) - Vj (7, z) 


where ijj (n,£) and (/, z) are defined by (21) and (25). 
Equation (6) can now be written in the form 


*» , raiTi's 

» 2* / (23'/)^ k ! (— I)’’- ij Hj J .e (x) z* exp (— tj-lTixi + Aik + l.r) dx 


Z (2ni)^ k 1 bjni in, z)-y Z (2^i9' k ! bj (I, z) 

iml ja*! 


Z i " g(//) z®. 


Recalling the values of 7>j and Hj given by (9) and (19) respectively and 
making us® of the equality 




I — cos Inkx -r / sin 27rA.T 
cos 2rrx -14-/ sin 27 t,v ’ 




-Zg in) Ai * + in (4 z). (31) 

Kas«—| 

Since by hypothesis the radius of convergence of the series is infinite, the 
left-hand member of (31) in an analytic function of z for all finite z. Also 
the right-hand member is an analytic function of z for all z in B for which 
i z ! > > 0 as follows from the uniform convergence of (/, z) for all 

such z. By principles of analytic continuation it follows therefore that 
(31) holds true for all z in B for which j z j > > 0 and the theorem is 

established. 

I wish to thank Prof. P. L. Srivastava for his guidance and help. 
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ON THE SINGULARITIES OF A CLASS OF 
LAPLACE-ABEL INTEGRAL 


By Nirmala Pandey 

likpiwtmmr af Mufkemstks, Allakalmd Unmrsilyl 

R&d at ihs Annaiil MeeiJng on J*iiiuar>' 25, 1953 

!. The object of this paper is to study the singularities of the function 
fepresented by 

j , (S) = I (2) i, (z) dz 
in terms oj’ the singularities of 

i) 

and 

(OO 

L(S) = /^,(z)e-s2rfz 

where 4>t (z> and 4t (z) are analytic functions of z f = re^) in the angular 
region ! S a, « > 0, and each one of them is of order uniformly 
throughout this angular region. 

2. To do this we shall first prove the following theorem: 

Theorem ! .— Suppose that 

A, = <^ > K,, it !<i7; 

■8*1* 

aid 

OO 

A, fS) - Z bn a > Kj, ! H < 77 ; 

and that the singularities of hi (S) and A, fS) are known. What can be said 
about the singularities of the function 

the coefikicnts of which are the products of those in the given series ? 

The general result is that the only possible singularities of H (S) in the 
strip U j</7 are those obtained by adding the singularities of Ai (S) to those 
of A*(S). 

42 
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»>biained by transforming Hadamard’s muitiplication 


'n-- and into the 5-plane 


rtsull !«. 

in'-t'/rem ftir power series H a„:‘\ I 

r.;. IP-.; '■uhsiiiution j r ". Also it is, understood that whether 
ihc M.!!? of the imaginary parts of these singularities is greater than or less 
than //, the corresponding point, lying inside the strip T n < 77. has to be 

taken. 


Having thus established a relation between the singularities of A, fSK 
A. fSt and H fS), we now prove our main theorem. 

Theorem 2. If 6, (z) and are analytic functions of z(~-rek) 

m the region P fx. and and 

K, and Kj, being positive throughout this region, then JafS) defined by the 
integral | 6^ (z)4,^{z) dz has no other singularities than possibly those 
obtained by adding the singularities of 


to those of 


J, fS) = J (z) e-^ dz 

f? 

oo 

J*fS) = J^,(r)r-s=rfr. 


Let us first study the functions Ji (S), J* (S) and J,(S) in the ^'-plane 
where 5'--- Kv, K being a positive number such that KKi and KK, are each 

n 

less than ^ • This only means that instead of studying the singularities of 


Ji (S) in the 5-plane, we study the singularities of Jj (0 in the s'-plane, 

where 


Jj (S) = Jj ^ ^ ^ (a) e k ' dz 




0 


where 

and 


K//x («€-*'< di. 


Q 


(Ki) 


fi (i) =0(e = 0 KK^ < 
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Tliis shows that our theorem is true for all K, and Kg, if it is true when 
each one of them is less than y , so that 

4i(z)4>s(z)=^0 
fK, r K,) being less than 17. 

To prove the theorem when K, and Kg are less than j , consider the 
series, 

FifS) = J:^j(«)e-s« 

Fg fS) = r ^g (n) and 

Fj (S) = r ^5 (n) ^g («) 

By a iheoreiTi of Prof. Srivastava,* if ^ (z) is an analytic function of z in the 
angular region j « j < a, a > , and (z)= 0 (e^^, M being less than H, 

throughout this angular region, then we may write 






r , _ r ^(z) 

J (e ^ ^gixiz 

oa|«„n. 


dz (2.1) 


°®(- n/2) 

f 4> (z) e~^ , 


the right side giving the analytic continuation of the function F (S) repre- 
sented by Dirkhlct’s series in the region NH- 8 > M, j r | < 77. 


The integral 


oois— jr .i 


J I) 


is absolutely and uniformly convergent over the region 

— (in — M) 4- 3 > — (277 — M), a bounded. 
Similarly the integral 

OOlW' 

f 4(z)e-^ , 

is absolutely and uniformly convergent over the region 
(217 — M)^ / -f 8 > r, o bounded. 
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Hence boih these integrals represent an analytic fanction of S in any 
hnite part ot the strip 1 1 li. Lei us denote thdr sum bv g(S). Equa- 
tioa (2.1) then baomes - - . 

F fS) = g (S) - ;'4 (z) e-^= dz 

where % fS) is an analytic function of S in the strip '■ i . ^11 

Equation f2.i) has been obtained on the assumption that S is real 
positive and greater than M. But since - 

F (Si - / 4 (-) dz — g (S) 

is t™e for all values of S m the strip ■ , | n. we nta,. by the principle of 
analytic continuation, say that the finite singularities of FfS) are identical 

oo 

to those of the integral fti fr)o-« dz lying in the strip 

Hence It follows that the functions F, (S), FofS) and F,,(S) have the 

same siii,g^larities in, the strip 1 / I 17 as J, {^\ J i /cV • 7 

ill c /c t 1 . ‘ ^ Jg (S) respectivelv. 

Also by theorem (I), F^fS) has no other singuiarities in the strm ■ i l<^ 77 

then posstbly those obtained by adding the singularities of F. fS) to i'hosc’ 

fra fid y"' therefore holds among the singularities of J, (S|, 

Jj (>) and Js (S). Our mam theorem is thus Ktablished. 

^ r of Hurwitz theorem^ obtained when 

Fr if'^ »<■ 

oo 

h (S) = / (z) e-^~ dz 


■ e^ dz 


0 

CO oo 

“ 2 ^ «! / 

«*0 © 

oo 

Is (S) = ^ = gj (S) say : 
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and 

- f s (S) say 

then whatever relation is true among the singularities of Jj CS), fS) and 
Jg (S) H also true among the singularities of g, (S), (S) and (S). 

Theorem 3. — If 

A («) be a branch of an analytic function of m f = x - iy 
— 0-1- pe^^, p — 1 < 0 < p) in the angle i | ^ a, a > and A feu) = 0 fp) 
uniformly in this angle as p —roc; 

A(x) be an L-funclion such that it is positive for .Y> p and steadily 
tends to infinity with x; 

A'ftu)= Ofl) ss p-*oc uniforrnly in the angle j i<a: 

U 

i(z) be an analytic function of z( = re^) in the angle i ^ |<a, a> 

and satisfy the relation ^(z) = 0 fe’^’'), throughout this angle; 

^ |A (ti»)] be an analytic function of tu in the angle j ^ j ^ a, and 
I |A f e») ^ {A (w)} (cu — ^)] I ->0 as p-woo uniformly on the arc 

i (u - ^ j = r, j 4 a for some positive values of k; then if 

,r->c»o ' 

fee finite, the only possiWe singularities of the series 


Hg (S) = r ^ (An) i>2 (^n) ^'n 

(2.2) 

are tho« obtained by adding the singularities of 


H,(S)=i;^i(An)A'„£-SA. 

(2.3) 

to these of 


Hj (S) = 2 4‘i (Aji) A'n 

(2.4) 


where (z) and fz) are functions similar to (z) and satisfy all the condi- 
tions of the theorwn. 


By a theorem of Prof. Srivastava,® all the fii^te singularities of Hi fS), 
Hg <S) and Hg (S) are identical to the singularities of J, (S), Jg (S) and J, (S), 
resjWJtively so that the theorem is at once established. 
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We ha%e not been able to prove any resiili similar to that established 
in rheorem 2. if r',, tri and jrS are functions analytic in recions less than 
half-planes. What we have proved is the following theorem; 

Theorem 4— If -i, fr) and are analytic in the angular region 

n . 

'■ ^ c ^ , and satisfy the following conditions; 


Liiii Sup 


log ; (Z) I 

r 


= 0): 


e ! a 


11 
2 ’ 


ti.jiz) I - e ’• 


and 


4a (cj 1 > 


for all sufficiently large r 
for all large 


A, f#i, Ag(6') being finite for iwj<a, then J;i(S)=~-f4,(z)^s(2)e-^=ds is 

an analytic function of S in the region lying exterior to the curve T which 
is the envelope of the family of lines 


o cos B — 1 sin 0 — Aj (6) — A„ (B), t 0 i-ec a 

and such points on Z as correspond to continuities of jA, (B) - A, f6»)} are 
singular points of J, fS). 

Proof— It is easy to see that under the conditions imposed upon 4i (z) 
and 4s (-)-we may write 


Lmjup x^(e) \e\<a< ( 4 ) 

Hence by virtue of a theorem of Prof. Srivastava* the theorem follows 
at onc«. 


A similar result holds good also for the functions Hj (S), fS) and 
HjCS) defined by (2.3), (2.4) and (2 2) respectively in Theorem (3) when 

the condition | ^ I < a, ^ is replaced by i 6» i < a . 

It is well known that if /ij(S) = 2’a« c- and (S) = i: have one 

singularity each, then it is not necessary that H (S)=ra„A„ e-*” should also 
have one singularity. In the case of the three integrals J, (S), (S) and 

JgfS) w'e prove the following theroem. 

Theorem 5. — If 


oo 

Ji(S) = J-4i(z)c--s2rfr 
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4;i 

te fot sinfukrity at S-- A, — iBj. and if 

oc 

has got singuiarity at S ~ Aj — then 

fjo 

J,iS}=S 4>t(s)4>d^)e-^^ clz 

has got singularity at Aj — /Ba — Bj. 

Prmf.—Tht nta^ssary and sufficient condition that an integral function 
4 fj) should satisfy the asymptotic equality 

Lim Sup =:Acos^ + BSin0 (for |0 I </j). 


is that <i fi) should be of the form 


A (s) ~ 21}. I ^ 


( 3 . 1 ) 


where c’ is a simple contour enclosing the point u = A — /B, and d(u) is 
an integral function of not identically a constant.® 

Also Po!^« has proved that if A (z) be an integral function of r, it can 
be espressoi in the form 


1 


where 


^(2)=, A 

JJTl ^f0 


( 3 . 2 ) 


1(8)=/ A ( 2 ) dz 


and c' Ls any contour lying in the region of regularity of J (m). 

We may therefore write by (3.1) and (3.2) that 

Lii^Sup cos ^ + Bi Sin 0, I 0 [ < ^, (3 . 3) 

and 

= Ag cos 0 + B 2 Sin 0 1 6 ] < ^ (3.4) 

Now the equalities (3.3) and (3.4) at once lead to the inequality 

j Al (2) At (2) < e : Xsc 4 )+»jr 
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wIiCfe 

(0) -■*- Aj f#) A,' '-t- A., COS h B, -""Bi sin t). 

Also we have 

where A is some real constant. 

Hence by virtue of a theorem of Prof. Srivastava' we can write 

Lim^Sup = A, cos « - Bj * Bj sin 

(for I ^ i < st), 

and by the same theorem 

'XS 

has got the sole singularity at S --=fAi ^ A^ -- /B, - Bs). 

Hie immediate consequences of Theorem 5 are the following two 
theorems. 

Theorem 6. — If in Theorem 3 we take (z) and 4>i (-) to be integral 
functions of z satisfying the conditions of the theorem everywhere in the 
r-piane then if 

hM got singularity at A^ — /Bj and 

has got singularity at Ag — /Bg, then 

^z(.S) = SMK)4>dK)e-^’^ \’n 

has got the sole singularity at S = Ar~Ag — 

Theorem 7. — If {z) and ^g (z) are integral functions of z satisfjdng 
the conditions 4i (z) and 4>t (^1 —0 everywhere in the 

plane, and if 

Fi(S) = i:^i(n)e-s« !r!</7 

has got singularity at S = Ai — /Bi, and 
Fg(S)=2:^g(n)e-s«, 


4 


\t\<n 
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te got smgularuy at S = A* ■- /Bj., then, if fBj -r f/, the only iir.ira'ar 

point of 


IS S A;' -- As — /’Bj -*-■ Bj- 

I am very much indebted to Prof. P. L. Srivastava for his many useful 
suggestions. 
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ON THE CONVERGENCE OF GENERALISED 
LAPLACESTIELTJES INTEGRALS 

By Snehlata 

{Deparimeffi of Matkefm!ic3^ AHakabml Umemiyi 
Receiv'ed on June 11, 1953 

f'Cooioiunicated by Dr. P. L. Srivastava, Aliaiiabad Vnhmity) 

L In this paper it is proposed to examine the existence and the con- 
vergence of the integral 

/(.V) = T(qst) c-i e- 3t W; (qst) da Q), (M) 

0 

and also to establish a relation between the order property of a (t) and the 
convergence property of the corresponding generalised Laplacestieltjes 
integral. 

Let the real and the imaginary parts of the complex variable s be o 
and T respectively so that 


5 = 0- + ir 

and let a (r) be a function of the real variable t in the interval 0 < r < oo 
and be of bounded variation in 0 < r < R for every -fve R. 

If a (t) be of bounded variation in the interv'al « < R for every -rve 

* and every +ve R, one may use the notation 

oo 

J (qst) c-i e- IP-W> Win da (t) 

0 + 

R^OO € 

2. Theorem:— I f 

«<«<co i f (qsot) Win(‘J^ot) da (t) I =M < CO, (2.1) 

then the integral (1.1) converges for every 5 =(a + h) for which o- > o-^ 

and 

7 (qst) e- (qst) da (t) = J | ^ ^ 

© 0 


( 2 . 2 ) 
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where 

K Wi^,,(qst){qs(l - i - qsf) 

i ^(p ™ |)5 t ~ (gsYin^ ~ (I ~l)^}(qst)e-*'* 

, (95/)] (qs^) <'-i e-^P-w s,t Wj ^ (gs^t) 

- [ ^ r-iP-W> (^V) iqSo(c~i^ gsj) 

■ i ((p - |) - (^i'o)^ )} 

- >n2 - (/ - |)S| (^S9r)c-3 a 

X e-»P-iq» «'£ Wj_j.„ (<7Sar)j (qsl)<:-i e-<P-i<l> W,,„ (qst), 

it) =* ‘(Wf-i Wi ^ 


B(u) = Wi^(9V)£^a(r) 

the Integra! on the right-hand side of (2.3) converges absolutely. 
For, we have, by virtue of (2.3) 

/ e-£P-W>« Wi,n (qst) da (/) 


R 



(2.3) 


^ (fjR)«-le*'P-i5»*« W,^(qsK) / 

(qsM~i ~ J - 


s^-(Q) -q4(s) 


di 


w}iwr» 




■B(t)dt, 


Q = (qsty-i e-<P~iQ m Wi,„ (qyt) 
and 


S =* (qsgey:-i e-iP-M> «•» Wi „ (qs^t) 

The integrated portion vanishes in the limit when R -voo since 
=“0(<riZzi), for z large. 
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if we simplify the mtegrand with the help of 

fri - (A- - |j) (zi ~ <m* ~~ (k - l)*J (zj fA| 

w« arrive at once at the theoron. 

it easy to s« from this theorem that if the integral f 1 . 2) convert 
for - in, it converges for all .tr=<T ■- ?> for which <t >a^. 

Hente the region of convergence for f ! . 1 ) is a half-plane and if there 
be a number such that the integral converges for <y > and diverges 
for V - , Of., we call it to be the abscissa of convergence of the integral and 
<7 ~ tTf. as the axis of convergence. 

3. Now, the relation between the order property of .i (t) and the con- 
vergence property of the corresponding generalised Laplacestielties integral 
will be tetablished. 

Theorem. — If 

a(r) = 0fei'i), (r~^oo) 

for some real number y, then the integral (1.2) converges for po > y. 

For, integrating by parts, we have 

SXJ 

J {qstr~i e {qst) do, (t) 

ii 

== [a (t) (qst f-i 

R 4 

= [a (R) (qsRY-i e-^P-msR (^^R)] 

-f a (t} [(qstY-^^ (qst) (c-i+qsl) 

— i qst ((p - ^q)s — (qs)^ («* — 

(/- 1)*} (qstY-^^e-iP-W^’^Wi_, .^(qst)] dt, 
using the formula (A) (Whittaker and Watson, p. 352, Q. 3). 

Now^ 


=0 (x^e-V^ what x is large. 
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Therefore 

a fR) (pRf-i Wj,« (qsR) 

~ <r‘P^R as R— >-oo 

k (?.rR'f " '‘-i e ''■'-r-s* R as R co 
rr 0 (i I if R f ps) > y or if /w > y, 
where o is the real part of s. 

Since a frj is assumed to be of bounded variation in every finite intervd, 
our h>pothe$is implies that 

«(0 = 0(e'-'*) 

i.e.. 

p-yt ■ ^ 
i^oc ^ 

r, \a(i)\^,Me^K forO<l'<oa, 

^''licre M is some coBstant. 

HcBce 

oo 

J V^\Jqsi) a it) dt <_M I [(qs)^ {n^— (/-f)®} (gst^-^^ 

« » 

Wj.„„ (qit) - (qst)'^-^ - e-^P-iVst g -j- ^5/) _ | g^^ 
X {{P - k) ■S' + k.r)®] '^i,n k'St)}] e’^^dt 

00 , -V ^ 

- M f [(qsf -a- m J ) 


- (?s) (c - I + qsl) igoty-" - . e-'P-W- /) s‘ 


4 - J |(p - iq) s -i- (qsty-i e-{P-W- 4) Wr.„ (95/)] dr, 

M r ( 0 fY i (n^ — (I — J)®! r(t -{- n) r (c — ri) 

M ^\qs) t{n \t t) > pg_j^ 3^2) • {qs) =-* 


^ .F. iJ ^ ?+ 3 / 2 " ; ' + - i + «'') 

r(c-T/or(e^ P fc + «, c-« y pt 
'T{c — / + I) ® Me — / + I ’ 9i 
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I :(p - M) t! t- ff 


r(c -f « uric ~ ft - !) 
r(c ■- 7 - 3 ''2) (qsr--< i ■” 


P — n+l 

2^1 'j c ^ 3/2 


1 -i- y 

qs 




]• 


( 3 . 1 ) 


provided that R fc* — «) > 0, R{ps)=pa> -• integrating the right-hand side 
with the help of Goldstein’s integral 


j>. W,,„ M 


X gFj 


/ -I- m -+- I, I — nt i 
I ~k-r\ 


where 

R (/± « + i) > 0, R (a^ I) > 0. 

The right-hand side is a convergent series if y < p.R (.r) < /w and so 
the integral on the left hand side of the inequality converges absolutely for 

po > y. 

Thus 

OO 

J iqstf-i e-<P~iQ>^t Wj „ (qsi) da (t) 

OO 

= J (9^)® -d- i)"] (qstY-^^e-iP-m^^ (95/) 


— {qstY~^ - iqst) {qs(c ~ I + qs!) 

- i qsl ((p — iq)ti + (qs)^);] a (t) dt 

and our theorem is established. 
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AH EXTENSION OF HADAMARD’S MULTIPLICATION 

THEOREM 

By Nirmala Pandey 


GiVF\ any faciorial serifs of the form 


Q' a) ■■ 




A'iit 


Zj ZfZ - !) 


^r' (n) 

. . . fZ 


n) 


fO 


2tt) 


fl) 


whose abscissa A of convergence is finite, it is known* that if the function 
e' (n) occurring in the coefficient of this series is such that when considered 
as a function e’ fw) of the complex variable a> = x+ iy, (a) it is single values! 
and analytic throughout all portions of the co-plane lying to the right of 
{or apim) the vertical line to = - | and (b) there corresponds to any 
arbitrarily small positive number «, a positive constant such that for all 
values of y 5 = - i and for all positive values of y sufficiently large we may 
write 


and 


! f ’ - (i'» I 

i f ' fx) i 




j g' (x - iy) 
i g'<x) 




and moreover 

(c) there exists a positive constant q, dependent on € but independent of Z, 
such that when Z is confined to any finite region, we have 

1 i N 

!r?z'i .x4;t)I <x*+e 


where x > q and where N is a positive constant, then the function £2 (Z) 

dcfin«i by Uit (ywhen R(Z)>A my be extended analytical,, 
throughont tbe whole finite Z-plane except in the neighbourhoods of the 

points Z»=0, — I, — 2, 
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Let us suppose then that 


"jtLi z(Z-:\) v::.Tz'-^ «> 

i«*a 

is analytic throughout the whole finite Z-plane except in the neighbourhoods 

of the points Z--0. — 1. —2 


ind that 

OO 

„rZl~ y . 

z fz -i- 1 ) ; . : . TZ -f n) 

a*© 

is also analytic throughout the whole finite Z-planc except in the neighbour- 
hoods of the points Z — 0. — 1. -—2, 


Then what can be said about the singulariti^ of the function 


FfZ) 


©o 

i; 


e^^^gi(n)gi(n) 

+ Trrr.: (r^n) 


whose coefficients are the products of those in the given series and gj (n) 
and gg {/?) are similar to g' (n) as defined by (a), (b) and (c). 

My object in this paper is to find the singularities of this product series. 
Writing g (n) for {gj («) x g^ («)} I wish to prove the following theorem : — 

Let the factorial series 


^ ^ Z (Z^^l j ’ (0 < A < 2«) (2. 1) 

fjas© 

have a finite abscissa of convergence equal to A , g (a») (&» = x -f iy) be such 
that 

(2.2) in the half plane R(<u) > - g(<t») is single-valued and analytic 

(2.3) for all values of o) for which .r > — i and v is sufficiently large we 
may write 

lg(.T-f(v)| 

1 g(x) i "" 

g(x-fj)| ^ K' ^ 


(K, and K'« being constants) 
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Moreover !el there exist a positive constant q, dependent on e but Inde- 
pendent of Z, such that when Z is confined to any finite region, we have 


I I , N 

irrz ^ 


(2.4) 


where x > q and where N is a positive constant then the function Q (Z) 
defined by the series (2.1) can be extended analytically throughout the 
whole finite Z-plane, except possibly in the neighbourhoods of the points 
Z = 0, — 1. —2, .... and throughout this region can be defined by the 
equation 


iJ{Z) = rfZ) 


/ 

- 1 ' - 


T (Z ^ X 4- 1) 


dx 


ds 

dy 

(2.5) 

The proof of this theorem is based upon Cauchy’s integral theorem 
in the calculus of Residues and we can write 


Ininz) 


c2rns~y) 


g(- I 4 

r(z +■* 

'jpiry^r 


iS) 

ViS'~~ 


1)2 


where 


m 

z 


e--'*«g(n)r(Z) 

FfZ -f n + 1) 



UZ, w) 

■" (ei~niaj - -jyj- a a). 



T (Z -^ CO +1) 


doj 


(2.6) 


(2.7) 


and where the path of integration is the rectangle formed by the lines 
(I ) (ij = .V 4- ip (2) CO = — I iy (3) CO = X — ip and (4) co = n + | -f /y. 
Let us denote the integrals along these sides by A, B, D and E respectively. 

fn order to evaluate the contour integral 


I 


[ (“2;, oj) 


do) 


( 2 . 8 ) 


we may take the path of integration in (2.7) along the x-axis from a) = 0 
to CO = X and then along a line parallel to the y-axis to the point co = x + iy. 
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Af! Extension of Hadamard' s MuhipUcation Theorem 
The fi.ntt’on ! fw, Z) can then be written in the form 
I (iu, Z) = R (x, Z) 4- /S (x, y, z), 

where 


Rf-v, Z) = 


s 

f 


exp.(- 27 Tix)if(x) 

rfZ-rx-r-i) ^ 


dx 


(2.9) 


( 2 . 10 ) 


and 


<; fv 7) ^ ^ ? (x^ iy) (xnm 

■ ’ J r (z 4- X + 1 + ' iv) ■ '■ 

( 2 . 11 ) 

Consider first the contribution A. To evaluate A we consider the 
integral 

f ‘exp. 27ri (x + ip) [R (x, Z)4- iS fx, p, Z)] , 

J (g 2rt {X+fpV _ jp — ax 


we can evidently write 


I A 


/ 


exp. (2ttp) 





S (x , y, Z) 
exp. (2wp) 


dx j 
! 


( 2 . 12 ) 


R (.V, Z) being bounded when x is bounded, the first integral on the right 
of (2.12) approaches zero as p approaches infinity. 

* Also the absolute value of the integrand in the second integral in ques- 
tion on the right of (2. 12) is of the order of exp. (— ftp) for p large and 
since e is positive we conclude that 


Lim A = 0 

,-»oo 

We can in a similar manner prove that 


Lin D = 0 

f > -> oo 
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To consider next the contribution E wc consider 




)R in — i. 



exp. (—iTry) 
':ji- T)® 


dy 



exp. ( Iny) S (ii 

i. 


Z) 

Y), ■ 



(2.13) 


Evaluating the first integral on the right of {2.13) we have 


£ 


exp. ( — 2 ?tv) 


dv 


\ f d! ^ i 

'2tt- 


C'.»nsiderina the seamd integral on the right of (2.13) we can write it 
in the form 


OC' 


£ 


exp. ( 


2ff> )S(« -ri, y, Z) . 


where 

S, f« - i. 


H («) 


nz 


T) 


■X 

/ 


exp. (— 2 it>') Sj (« -h I, y, Z) 
+ 1 )® 


dv 


(2.14) 


otM ! n " 


rr(z 




Since from the known property of the Gamma function we have 

^ r(z-n^i) i y 

1 ^ 1 ^ 5 ■ z^n+i 

I r (Z - n - ^ - (V) I ^ .U|!Z - « ^ + (vl Z + n 


We find that if we take into account the behaviour of + 1)® for \y j 

large, the integrand of the right-hand member of (2.14) is of the order of 
exp. (— « ! >’ |) for I y ! large. The integral in question therefore converges. 
Moreover, since the series (2.1) was assumed convergent, we have 


Lim 


gin) 

r(ZTlt"-FT) 


= 0 
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Consequently the mtegral on the left of (2,14) tends to zero as » 
approaches infinity. The contribution E is therefore given by 

E — r (Z) Lim R (n Z) (2 . ! 5) 

We next consider the contribution B arising from the integration along 
the side where w --r — | iy. To evaluate B we consider the integrals 


r(Z)2rri j i 




dr 


r(Z) im / “E- *■ 


(2.16) 


The first of these integrals, when combined with the contribution E can 
be writttHi in the form 

r(Z) Lim [R (« -f I, Z) - R ( - i, Z)] 

*->oo 

oo 

~ r (T\ C 2wx) g (x) , 

~ J T(Z + ;t X 1 ) 


r(Z) 


oo 

f 


:,2AtX^2mX 


g(x) 

T (Z "f* jic i) 


dx 


(2.17) 


Finally we investigate the second integral in (2.16). It may be written 
in the form 


— OO 


2m r(z ) 



OO 


^Sr (S-y) ^ J ^ gSAi (-i+is) 

T {z i + i’S) 

(er^^ + 1)® 


ds 


dy 


(2.18) 


The value of the right-hand member of (2.6) is therefore the sum of the 
expressions (2.17) and (2.18). We therefore obtain equation (2.5). 

We have up to this point restricted z to values which are real, positive 
and greater than A, the abscissa of convergence. The function fi (z) defined 
by the series (2.1) is analytic throughout the half-plane R(z) > A with the 

exception of the points z=0, - 1, -2 The right side of (2.5) 

enables us to continue 12 (z) analytically over any finite region of the z-plane 
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G 

wlikh docs not ajniain the points r=0, — I, — 2, ..... This is 
proved by the arJform convergence of the two integrals involved in f2.5}. 

CCS 

The first integral converges uniformly since it is dominated by J dx 

OO 

and the sacond converges uniformly since it is dominated by f exp. f— ey) dy. 
The theorem is therefore established. 


We thus obtain the following theorem: 
Theorem .. — If 


m - 


oc 



f voi (fjj 

(c !) . .7. (2+ n) 


(2.19) 


has got singularities at z=0, ■— 1, —2. 

and if 


CO 



is»;9 


has got singularities at 2 = 0 , — 1, — 2. 
then 


F 


U) 


OO 

i;. 


gi (n) gs (n} 

( 2 + 1 ) (z + n) 


( 2 . 20 ) 


( 2 . 21 ) 


has also got singularities at 2=0, — I, — 2. 


Remarks 

TTic coefficients gi {«), gg (n) as contemplated in the theorem may be 

/-(n'+vj- '* “ “> “ 'ta rffr+^rci+c.) 

satisfies the condition (2.3). 


tion 


It is my to see that the above theorem is not always true. The func- 


OO 

/.(.)- 2 ; 


r(n + ci) 

2 (2 + 1) (2 + 1) 
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i'ui' '’■? 'iiV'uLirities at r = 0, -- 1, — 2, . . . . and the function 




(z-^ 1) 


has got singularities at r = 0, — I , — 2, .... but we cannot say anything 
about the singularities of 


F, (z) 


OO 


^ 2 AiR r (n -f- c\) r (n -r c,} 


I wish to thank Prof. P. L. Srivastava for his guidance and help in the 
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